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Abstract. Lifting theorems form an important collection of tools in show- 
ing that Galois representations are associated to automorphic forms. (Key 
examples in dimension n > 2 are the lifting theorems of Clozel, Harris and 
Taylor and of Geraghty.) All present lifting theorems for n > 2 dimensional 
representations have a certain rather technical hypothesis — the residual image 
must be 'big'. The aim of this paper is to demystify this condition somewhat. 

For a fixed integer n, and a prime I larger than a constant depending on 
n, we show that n dimensional mod I representations which fail to be big 
must be of one of three kinds: they either fail to be absolutely irreducible, 
are induced from representations of larger fields, or can be written as a tensor 
product including a factor which is the reduction of an Artin representation 
in characteristic zero. Hopefully this characterization will make the bigness 
condition more comprehensible, at least for large I. 



Contents 



1. Introduction 

2. Big image 

3. Group theory 

4. Sturdy subgroups 

5. The main result 
References 



1 

4 
5 
7 
21 
3C 



1. Introduction 

1.1. Recent years have seen some progress in proving modularity lifting theorems 
and potential modularity theorems for Galois representations of dimension n > 
2: for instance, see |CHT08l IHSBT061 IGerOQl IBLGHT091 IBLGG091 IBLGGTIO) . 
One hypothesis in common to all these theorems is that the image of the residual 
representation to which we want to apply the theorem must be 'big', a rather 
technical hypothesis first introduced by Clozel, Harris and Taylor in |CHT08) . (See 
the beginning of §2 for a full statement of this condition.) In fact, several of these 
theorems rely on a stronger hypothesis, introduced in [BLGHTOO] : the image of 
the residual representation must be 'M-big'. (Again, see §2 for a full statement of 
this condition. We remark that generally one writes 'm-big' rather than 'Af-big', 
but we suffer from a shortage of letters in this paper and have had to economize.) 

While on the one hand it seemed to be fairly easy to show that these bigness 
and M-bigness hypotheses hold with a specific example in mind (see, for instance 
Corollaries 2.4.3 and 2.5.4 and Lemmas 2.5.5 and 2.5.6 of |CHT08| or Lemmas 7.3-4 
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of [BLGHT09] ). it remained for some time the case that, considered in general, the 
condition was rather mysterious — especiahy given the fact that its precise definition 
is so technically involved. 

A considerable advance in the situation came with the paper }SW10] . The main 
result of this paper was to investigate the question of bigness in compatible systems, 
showing that for compatible systems of Galois representations which are 'strongly 
irreducible' (in the sense that for any given finite field extension, the restrictions 
of the representations in the compatible system to that extension are irreducible at 
almost all places), the residual image will be big at a positive Dirichlet density of 
places. Along the way, they prove that a large class of subgroups are big (in partic- 
ular, the images of certain algebraic representations), thus giving a rather general 
situation in which bigness can be deduced (for instance, the specific examples con- 
sidered in jCHT08| IBLGHT09] , are much more specific and are indeed immediate 
consequences). This was generalized to M-bigness by White in |WhilO) . 

The aim of this paper is to push the powerful techniques introduced by Snowden 
and Wiles in that paper a little further, combining them with a little group theory 
to give a still larger class of representations with big image. The class is rather 
broad, and indeed the only representations not in the class are of rather special 
kinds. 

Our main theorem is the following (see Theorem 15. 1.3|) : 

Theorem 1.1.1. For each pair of positive integers n and M, there is an integer 
C{M,n) with the following property. Let I > C{M,n) he a prime, k/¥i a finite 
extension with I \ [k : ¥i], Tq a profinite group, and r :Tq ^ GL„(fc) a representa- 
tion. For convenience of notation, let us choose a number field L and prime A of 
L such that Ol/^Ol — k. Suppose that the image of r is not M-big. Then one of 
the following must hold: 

(1) r does not act absolutely irreducibly on k" , 

(2) there is a proper subgroup T'q < Tq, an integer m\n, and a representation 
r' : Fq — GLm(fc) such that r = Indp? r' , or 

(3) there are representations ri : To — >■ GLm(C'L) and r2 : Fq — > GL„j'(fc), with 
open kernels and with m > I and n = mm' , such that r = fi ® r2. 

Furthermore, in case (3) the order of the image of ri can he bounded in terms of n. 

Remark 1.1.2. It is natural to ask whether the constant C{m,n) is effective. The 
answer is that, in principle, a sufficiently assiduous study of the proofs here and 
in the various papers cited here should allow one to determine effective bounds 
on C(m,n). (The same holds for the similar constants D{n,N,a) and E{n,m,a) 
below.) On the other hand, one would expect these bounds to be rather large, and 
so we will not attempt this arduous calculation here. 

Remark 1.1.3. The condition that I \ [k : F/] is probably harmless, but in case it 
were ever problematic, it is worth mentioning that it is effectively dispensible. In 
particular, one of the requirements of a subgroup T < GL„(A:) being (M-)big is 
that it have no I power order quotient. In all applications we know of, however, it 
suffices to have the weaker property that any normal subgroup V of ^-power index 
still satisfies all the other properties defining (M-)bigness, and one could imagine 
replacing the definition of bigness with one only demanding this weaker property. 
If we were to make this change in the definition, the condition that Z f [fc : F/] in 
the theorem could be removed. 
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In applications, one will often be working with crystalline Galois representations 
which have regular Hodge- Tate numbers, and one may have the flexibility to choose 
I large compared to those Hodge- Tate numbers. (For instance, one might be working 
with a compatible family of Galois representations.) In this case, we may suppress 
the third alternative in Theorem ll.l.ll 

Lemma 1.1.4. Suppose n and N are positive integers, F is a number field and 
that for each embedding t : F ^ C, we have chosen a set a-r of n distinct integers. 
Then there exists a number D{n,N,a) with the following property. Whenever: 

• I > Din, N, a) is a rational prime which is unramified in F , 

• L d Qi is a finite extension of Q; (with ring of integers Ol, residue field 



the multiset of Hodge- Tate numbers of p with respect to it is precisely the 
set a^oa (and in particular, the Hodge-Tate numbers are distinct), 

then we can never find an integer to > 1 and some Artin representation p' : Gp ^ 
GLm(CL) with image of order at most N, and a mod I representation r" : Gp ^ 
Ghm'{k), such that p = p' ®r" . 

Corollary 1.1.5. Suppose n and M are positive integers, F is a number field and 
that for each embedding a : G '-^ Qi, is a set of n distinct integers. Then there 
exists a number E(n, AI, a) with the following property. Whenever: 

• I > E{n, M, a) is a rational prime which is unramified in F , 

• L d Qi is a finite extension of Qi (ring of integers Ol, residue field k), 

• p : Gp ^ GL„(C'l) is a crystalline Galois representation, and 

• L : Qi C is an isomorphism such for each embedding a : F ^ Qi that 
the multiset of Hodge- Tate numbers of p with respect to it is precisely the 
set fltocr (and in particular, the Hodge-Tate numbers are distinct), 

and we moreover have that p{Gf) fails to be an M-big subgroup of GL„(fc), then 
we may conclude that one of the following holds: 

(1) p does not act absolutely irreducibly on fc", or 

(2) there is a proper subgroup G' < Gp and representation r' : G' ^ GLm(fc) 
such that p — Indgf r' . 

(The lemma is proved at the end of ^5.11 the corollary is then immediate given the 
theorem.) 

We now say something about the methods used to prove the our main result 
above. There are three main ingredients. The flrst is, as we have already men- 
tioned, the ideas of |SW10) (and their generalizations in |WhilO| ). We are unable 
to directly apply their results, and instead will have to look 'under the hood' a little, 
recapitulating some arguments from their paper in slightly modified settings. (See 
21) The second is the Aschbacher-Dynkin theorem, a classification of the maximal 
subgroups of GL„(A;) not containing SL„(fc) (here fc/F; is a finite extension). We 
prove our main theorem by applying the Aschbacher-Dynkin theorem to the image 
of the representation in question, and then breaking into cases according to what 
kind of maximal subgroup the image lies in. In most of these cases, we are either 
done immediately or can reduce to a problem concerning a smaller-dimensional 
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representation for which we may inductively assume our result holds, and from this 
deduce the result for the original representation. 

The remaining case is where the image of our subgroup in GL„(fc)/fc^ is an 
almost simple group. In this case, we apply our third ingredient: results of Larsen 
which provide good control over which almost simple groups might arise in such a 
situation. In particular, they are either drawn from a finite set of groups depending 
only on n and not on I (in this case, we can arrange for I to be large enough 
that such a representation lifts to characteristic zero), or are groups of Lie type 
in characteristic I (in which case the image of our representation is essentially the 
image of an algebraic representation, and we can finish our argument by appeal to 
the ideas of Snowden and Wiles we have already mentioned.) 

Of course, there are various wrinkles — most notably, our inductive argument 
actually proves something slightly stronger than the main theorem, so that our 
inductive hypothesis is strong enough when we need to use it. 

We now explain the organization of the rest of this paper. In section [51 we recall 
the definitions of 'big' and 'M-big', and also some elementary properties of bigness 
proved by Snowden and Wiles (and also their analogues for Af-bigness, which are 
due to White in |WhilOj ). In section [3] we state the various group-theoretical tools 
we will be using, most notably stating the Aschbacher-Dynkin theorem in the form 
we will use it, and recalling the results of Larsen mentioned above. In section [4| 
we introduce the notion of a 'sturdy' subgroup of GL„(A;), for k/¥i finite, showing 
that sturdy subgroups are big and have various desirable properties. The notion of 
'sturdiness' is very closely related to the notion of 'being the image of an algebraic 
representation', and our arguments here draw heavily on |SW101 IWhilO] . Finally, 
in section [5] we combine these results to prove the main theorem, and close the 
section with some (very vague) comments about the degree to which we expect 
representations which satisfy one of the properties (l)-(3) in Theorem II. 1.11 will 
nonetheless have big image. 

Acknowledgements. It will be clear to the reader how much this work de- 
pends on the ideas of Andrew Snowden and Andrew Wiles, and it is a pleasure to 
acknowledge my debt to them. I also thank them for keeping me updated on the 
progress of revisions to SWIO , and for encouraging me to press ahead in proving 
the results in this paper. Finally, I am grateful to Toby Gee and Andrew Snowden 
for providing very helpful comments on an earlier draft of this paper. 

2. Big image 

2.1. We begin by recalling the definition of Af-big from [BLGHT09] (see Definition 
7.2 there). 

Definition 2.1.1. Let /c/F/ be algebraic and m a positive integer. We say that a 
subgroup H C GL„(A;) of GL„(fc) is M-big if the following conditions are satisfied. 

• H has no ^-power order quotient. 
. i/0(i7,s[„(fc)) = (0). 

• H\H,5lnik)) = (0). 

• For all irreducible fc[i/]-subniodules W of 0l„(A:) we can find h G H and 
a e fc such that: 

— a is a simple root of the characteristic polynomial of h, and if /3 is any 
other root then a^^ ^ l3^'^ . 
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— Let TTh,a (respectively ih,a) denote the /i-equivariant projection from 
fc" to the a-eigenspace of h (respectively the /i-equivariant injection 
from the a-eigenspace of h to /c"). Then ir^.a oWo ^ 0. 

We will use 'big' as a synonym for '1-big'. This is consistent with the definition 
of 'big' in |CHT08| . 

The following lemmata establish basic properties of bigness and M-bigness which 
will be constantly of use to us. They were essentially proved in 'SWIOJ. (The 
statements in that paper are in the context of bigness, but the proofs trivially 
extend to Af-bigness, as was noted in [WhilOj — see section 2 of that paper.) 

Proposition 2.1.2. Let k/¥i be algebraic, and let M and n be positive integers. If 
G < GL„(/c) has a normal subgroup H , of index prime to I, which is M-big, then 
G is M-big. 

Proposition 2.1.3. Let k/¥i be algebraic, and let M and n be positive integers. 
Suppose G < GL„(/c). Then G is M -big if and only if k^G is. 

3. Group theory 

3.1. We remind ourselves of a simple form of the Aschbacher-Dynkin theorem, 
mostly to fix notation for what follows. The theorem is due independently to 
Aschbacher and Dynkin, and the version we use here is somewhat less powerful 
than the full version in the original (independent) arguments of Aschbacker (see 
[Asc84| ) and Dynkin (see |Dyn52 for the original paper in Russian, or [DynOO| for 



an English translation). See }Wil09l §3.10.3] for the theorem proved in the precise 
form we shall use it. Let us first define certain subgroups of the general linear 
groups over a finite field. 

Definition 3.1.1. Let I be a prime, fc/F; a finite extension. Let us describe certain 
subgroups of GL„(A:). 

(1) For each linear subspace y C /c" of dimension d, < d < n, we have a 
subgroup Gv which sends V onto itself. We have 

Gv - {iyf^--^^\d[n-d)^ ^ {GU{k) X GL„_<i(fc)) 
(where (/[fc:if"i]d(n-(i)-j denotes some group of order llf'-'^Min-d)^ ^^or obvious 
reasons, we call Gv a reducible subgroup.) 

(2) For each direct sum decomposition fc" = Vi © • • • (BYm, where m\n and each 
Vi has dimension n/m, we have a subgroup Gvi®---®Vm which stabilizes the 
direct sum decomposition (but need not stabilize the individual summands 
in the direct sum). We have Gvi(b---®v^ — GL„/m(fc) I Sm and we call 
Gvie---eVm an imprimitive subgroup. 

(3) For each decomposition fc" = Vi (E)V2, where n = dimVi dim V2, we have 
a subgroup Gv^^v2 stabilizing the tensor product decomposition. We have 
Gvi<8)V2 — GL„j(fc) o GL„2(fc), where Ui = dimVi and o denotes the central 
product. 

(4) For each decomposition fc" = Vi (E) ■ ■ ■ <E) Vm, where the Vi all have the 
same dimension (d say), and so d™ = n, we have a subgroup Gvi(g)---(g)V-^ 
of transformations which preserve this tensor product decomposition (but 
which may rearrange the factors amongst themselves). We have 

k''Gv,<»-0V^/k'' ^ PGLd(fc) ; Sm. 
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(5) If n = for some odd prime p, then we have certain subgroups of GL„((Q)) 
isomorphic to the 'extraspecial' group p^'^^™, whose normalizers in GL„((Q)) 
are isomorphic to p++2'"xSp2™(Fp). (See §3.10.2 of lWilQ9j.) Assuming our 
finite field k is large enough, these subgroups reduce mod k to give a sub- 
group of GL„(fc). We can form a larger subgroup, Gpi+2m, by additionally 
including all central elements, and taking subgroup this generates. 

If n = 2™ for some m, we have similar subgroups 2^+^™ of GL„((Q)) 
where e e {+,—}. whose normalizers are 2^+^™ x G02„(F2), and again, 
if k is large enough, these subgroups reduce mod k to give a subgroup of 
GL„(/c). We can form a larger subgroup, G^i+^m^ by additionally including 
all central elements, and taking subgroup this generates. 

We call Gpi+2m and G2i+2m subgroups of extraspecial type. 

(6) Let H be an almost simple group (a group H satisfying G < H < Aut G for 
some simple group G). Let f : H PGL„(fc) be an irreducible projective 
modular representation. Then we can form a subgroup Gf '■= f{H)k^. 

Theorem 3.1.2 (Aschbacher, Dynkin). Let I be a prime, k/¥i a finite extension. 
Let G be a subgroup o/GL„(fc) which does not contain SL„(fc). Then G is contained 
in one of the subgroups of the forms listed in Definition \3.1.1i 

3.2. We also recall the following result of Larsen, which is essentially a combination 
of }Lar95a( Lemmas 1.5-1.8]. 

Proposition 3.2.1 (Larsen). Fix a semisimple group scheme Q fZll/N]. Then 
there is an integer A and a finite collection of finite simple groups S , such that 
for all I > A, all finite extensions k/¥i, and all subgroups H < Gik) which are 
nonabelian finite simple groups, we have: 

(1) H is isomorphic to some member of S , or 

(2) H is a derived group of an adjoint group of Lie type, H I?(H(Fq)), H 
.simple, which moreover satisfies l\q andT>{'H(¥q)) — Im{'H'^'^ {¥ q) — ^ T-LiVq)) 
(where "H^*^ denotes the simply connected cover ofH). 

Proof. If fc = F;, this follows immediately from |Lar95a[ Lemmas 1.5-1.8], together 
with the classification of finite simple groups (as given, say, in |Lar95a[ §1.3]). To 
see that the proposition holds in the more general case we give here, first note 
that the proof of jLar95a[ Lemma 1.4] actually gives a more general result, where 
we replace F; with any finite extension fc/F;. Then Lemmas 1.5-1.8 have similar 
generalizations, again with essentially unaltered proofs. The proposition follows. 
The fact that we may take X>(-H(Fg)) = ImCH''=(F,) -> Ui^q)) is arranged by 
including the finitely many finite simple groups of Lie type for which this is not 
true in S. □ 

3.3. Finally, we rehearse some of the standard theory which relates, for a Chevalley 
group over a finite field of characteristic I, modular representations (in characteristic 
I) of the Chevalley group considered as an algebraic group with algebraic represen- 
tations of the Chevalley group; and theory which allows us to lift these algebraic 
representations to characteristic zero under certain circumstances. 

In particular, we have on the one hand the following result of Steinberg (see 
[Ste63l 1.3] and [SteBSl 13.3]): 
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Theorem 3.3.1. Suppose that k/¥i is a finite extension, andQ/k is an almost sim- 
ple, simply connected algebraic group for which we have made a choice of a maximal 
torus and a system of simple roots. Then there is a bijection between irreducible 
projective F/ representations of the abstract group Q{k) and tensor products: 

[fc:Fi]-l 

(g) ^Z™"^' 

where each Vi is an irreducible algebraic representation with highest weight A sat- 
isfying < A (a) < / — 1 for each simple root a, and where the superscript 'FroV ' 
indicates precomposing a representation (considered as a map G{k) — !■ PGL„(F;) 
for some n) with the ith power of the Frobenius map Q{k) Q{k). The bijection 
is given by mapping such tensor products into abstract group representations by 
restricting them to k points in the obvious way. 

And, on the other, the foUowing resuh which is essentially due to Larsen: 

Theorem 3.3.2. Suppose that we are in the situation of the previous theorem, and 
that Q is split over k and I > 3(dini V^)^. Then each of the representations Vi lifts 
to characteristic zero, in the sense that there is some algebraic group &i over W{k) 
and algebraic representation Vi of&i, such that base changing back to k we recover 
Q and Vi. 

Proof. The proof of Proposition 4.4 of |Lar95b] extends to give us what we need. 
See also |Jan97) . □ 

We will record a trivial corollary of this second theorem, which will be very 
important to us. 

Corollary 3.3.3. Suppose n is a positive integer. Then there are constants Co{n) 
and Ci(n) with the following property. Suppose that I > Co(n) is a prime, that 
k/¥i is a finite extension, thatQ/k is an almost simple, simply connected algebraic 
group, and that we are given an irreducible F; representation of the abstract group 
Gik), at most n dimensional, which corresponds to 

(g) l^/"'^' 
i=0 

under the correspondence of Theorem \3. 3.11 Then the norms \ \Vi\\ of the represen- 
tations V (see %3.2 of [SWlOj ) satisfy \\V^\\<Ci{n). 

Proof. This follows straightforwardly from the fact that the Vi lift to characteristic 
0; see Proposition 3.5 of [SWIO, . □ 

4. Sturdy subgroups 

4.1. In this section, we will define the notion of a sturdy subgroup of GL„(fc); 
the point of introducing this notion is that on the one hand, being sturdy suffices 
to be M-big, at least for / large; and on the other hand, being sturdy behaves 
well under 'taking tensor products' (see Lemma l4.2.ip . Sturdy subgroups are very 
closely related to the images of algebraic representations, and as such, this section 
will draw heavily on the work of Snowden and Wiles discussed above. One wrinkle, 
however, is that we will need to deal with representations which are tensor products 
of algebraic representations defined over different fields. 
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Definition 4.1.1. Suppose I is a prime number, n an integer, k/¥i a finite exten- 
sion, and r < GL„(fc) a subgroup. We say that F is very sturdy if it contains , 
acts absoiutely irreducibiy, and we can find: 

• a sequence fci, . . . , km of fields, each, of which is an intermediate field be- 
tween k and F;, 

• for each i, 1 = l,...,m, an almost simple, connected, simply connected 
algebraic group Gf^/ki, which remains almost simple when we base change 
to k, and 

• for each i, 1 = 1, . . . , m, a faithful projective representation over k of the 
abstract group ni{Qf'^{ki)) 

:^.(er(fc.)) ^PGL„.(fc), 

where 

— Gi/ki is the algebraic group we get by taking the quotient of Gi'^/h by 
its center (which will be its unique maximal normal subgroup), and 

— TT,; : — )• Gi is the covering map, which we also consider as a map of 
ki points, 

(so that ■ni[G'^'^{ki)) is a finite simple group of Lie type) 
such that: 

• the abstract group 'ni{G'^'^{ki)) is in fact a simple group for all i, 

• n — Yii ni (this will follow automatically from the other conditions, but we 
mention it to orient the reader), and 

• T /k^ is conjugate to the subgroup of PGL„(fc) given by the image of the 
map 

X{^^{G^{h)) ^ J]PGL„.(fc) ^ PGL„(fc). 

i i 

Definition 4.1.2. Suppose I is a prime number, fc/F; a finite extension, and F < 
GL„ (fc) a subgroup. We say that F is sturdy if there is a chain Fi<F2<i---<iFr = F 
of subgroups of F, each normal in the next, such that: 

(1) for each i, 1 < « < r — 1, (F^+i : F^) is coprime to Z, and 

(2) Fi is very sturdy, in the sense of Definition 14.1.11 

Here are an easy observation and a remark: 

Lemma 4.1.3. Suppose I is a prime number, n an integer, k/¥i a finite extension, 
and F < GL„(fc) a very sturdy subgroup. Then, as an abstract group T/k^ is a 
product of the simple groups 'i^i{G^'^{ki)), which are simple groups of Lie type in 
characteristic I. 

Remark 4.1.4. If F is a very sturdy subgroup, then we have the freedom to replace 
any of the groups Gf'^ referred to in Definition 14.1.11 with other groups which yield 
an isomorphic T^i(Gl'^{ki)) (and then modify the corresponding by composing 
with the isomorphism between the old and new ■Ki[Gi'^{ki))s), and the new Gf^s, 
will still satisfy the properties required to show that F is very sturdy. As explained 
in [CCN+i §2. 4-1, §3. 2], for any finite simple group of Lie type in characteristic I 
(that is, any group which could arise amongst the 'iTi{Gf'^{ki))s above), it is possible 
to find a. G'^'^ which gives rise to it as above such that the algebraic group Gf'^ in 
addition enjoys the following property: it has a Borel subgroup B and torus T, 
such that the Borel and torus are defined over k and hence sent onto themselves by 
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Ga\{k/k). A generator of Gal(fc/fc) acts as a graph automorphism of the Dynkm 
diagram of C/*"^, and so the simple roots can be arranged in cycles under this action. 
We will from time to time assume that the Q^'^ have been chosen with these special 
properties. In this case, we will write % for the torus in Qi according to the 
properties just described. Thus, in particular the finite group T{ki) is a product of 
GmS of extension fields of ki, one for each orbit of the simple roots under Frobenius, 
where for each orbit the extension field has degree over ki equal to the number of 
roots in the orbit. 

4.2. Properties of sturdy subgroups. 

Lemma 4.2.1. Suppose that ni, 712 are positive integers, and we write n — nin2. 
Suppose we have chosen an isomorphism fc" = k"'^ iSi k^^ ; this then gives us a nat- 
ural map PGL„j(A;) x PGL„2(fc) ^ PGL„(A:), whose image is the collection of ele- 
ments o/PGL„(/c) preserving the tensor product decomposition. Suppose that T < 
PGL„(/c) is a subgroup, which is contained in the image o/PGL„j (fe) x PGL„2 (fc) ^ 
PGL„(A:), so we can think of T as a subgroup of PGL„j (fc) x PGL„2(fc). Let 
TTi : PGL„j (fc) X PGL„2 (fc) — > PGL„^ (fc) denote the projection map, and simi- 
larly for 1X2- Let q : GL„(fc) — » PGL„(fc) denote the natural quotient map, and 
similarly qi andq2. Suppose that (7ri(r)) and q2 (7r2(r)) are both sturdy. Then 
^"^(r) is sturdy if it acts absolutely irreducibly. 

Proof. We shall write P'^-'^' for 7ri(P) and P'^^-' for 7r2(P). Goursat's Lemma tells us 
that we can find a group G and surjections p'^^^ : P'^^ G, p'^^^ : P*^^' — )• G, such 
that P, considered as a subgroup of PGL„^(fc) x PGL„2(fc), is precisely the set 

{(^(i),^(2)) e r(i) X p(2) |p(i)(7(i)) -p(2)(7(2))} ^ p(i) xgP^'^ 

We will write iV^^^ for kerp^^\ and N'^^'> for kerp'^^. We will write p for the obvious 
homomorphism P — > G sending (7'^^\7'^'') to the common value of p*-^-* (7*^^^) and 

p(2)(^(2))_ 

We are given that ^(P^^^) and g2^^(P*-^^) are sturdy, from which we deduce the 
existence of sequences of subgroups 

P W < P W <■■■< P(i) = P(i) , p1^) <j Pf <j . . . < P(2) = P(2) 

such that for each sequence each group is normal in the next, with q^^(r'"^^) very 
sturdy and (Pj+i : ^f^) coprime to I for each i,j. In particular P^*"* and P2*'' are 
each abstractly isomorphic to a product of finite simple groups, each of which is a 
simple group T>{T-L{¥q)) of Lie type with q\l. (See Lemma [4. 1.31 ) For brevity in the 
remainder of the proof, we will refer to such a product as a ^-Lie-ish group. We 
remark that any quotient of an /-Lie-ish group is again an /-Lie-ish group, since any 
normal subgroup of a product of simple perfect groups is a product of some subset 
of the factors. 

From these, we get sequences of subgroups 

gW < G« <■■■< G(i) = G, Gf ' < Gi'^ <■■■< G(^) = G 
of G (such that again for each sequence each group is normal in the next) by putting 
Gj'^ = p^'Hrf) = M^)rf^/N^'). Since G[^^ is a quotient of t['\ which is Z-Lie-ish, 
G^^'' is also /-Lie-ish; and similarly for G^^* . 

Claim. We have that g[^^ n G^^ = G[^\ so g[^'> C Gp\ 
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Proof. We shall show, by downward induction on j from s to 1, that G^^' fl Gj^^ = 
G^^\ The base case is trivial. Assuming that G^^^ fl Gj^^ = g\^\ we want to 
understand G'^^ nGf}^. We know G^^' n Gf_\ < G^^^ n Gf ^ = G^^\ If the inclusion 
were proper, thenG«/Gi'^nGf_\ would be a nontrivial quotient of G^^ , and hence 
(since G^"*^-* is ?-Lie-ish) would be ?-Lie-ish itself, so would have order divisible by I. 
But this contradicts the fact that Gf_\ : Gf and hence G^^^ n Gf_\ : G^ ^ n Gf 
are coprime to I. □ 

The same argument gives that G^'^'' C G^^\ whence we see that G^^^ = G^'-^K We'll 
adopt Gi as a shorter name for the common value. 

For each Gj-^\ we can construct a group Tj = p~^(G^-^^) < F; we see that each 
Tj is a normal subgroup of the next with prime-to-^ index. Thus it will suffice for 
us to show q~^{Ti) is sturdy to deduce that q~^{T) is sturdy. We put F' = Fi. 
Note that 

r' = {(7(1), 7(2)) e F«7V« X Ff)7V(2) b(i)(7«) =p(2)(^(2))} 
^F«7V« Xg, Ff)7V(2) 

For each j, 1 < j < r, we can form a subgroup F]^ ^; we 

sec that each is normal in the next, the successive quotients have order prime to I, 
and for each of those groups, i)(iV(i)r(^MFj^^) = Gi. We then form a subgroup 
F^- of F', by putting 

-((FW7v«)nr«)xG, Ff)7v(2) 

We see that each F^- is normal in the next, and the successive quotients have order 
prime to I; thus it will suffice for us to show q~^{r[) is sturdy to deduce that 
g-i(F') (and hence q-'^{T)) is sturdy. We put F" = F'^, so 

r" = {(7(^\7^'^) e r« X Ff)7V(2) |pW(7(^)) =^(^^7^'^)} 
-fWxg, Ff)7V(2) 

Similarly for each j, 1 < j < s, we can form a subgroup 

we see that each is normal in the next, the successive quotients have 
order prime to I, and for each of these groups, ^(^^(iV'^^^Fp-' nF^-^-*) = Gi. We then 
form a subgroup F" of F", by putting 

r;' = {(7(^\7('^) e fW X (Ff)7v(2) nFf ) |p(i)(7(i)) =p(2)(7^'))} 

-fWxg, ((Ff)7V(2))nFf)) 

We see that each F^' is normal in the next, and the successive quotients have order 
prime to I; thus it will suffice for us to show q~^{T'{) is sturdy to deduce that 
g-i(F") (and hence g-^F)) is sturdy. We put F'" = F'/; then: 

r'" = {(7(^\7('') e fW X f(') |p(^H7('') =P^''(7^'^)} 

= r«XG,Ff) 
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We know that the T\ are l-Lie-ish groups, so normal subgroup is the product 
of a subset of the factors, and thus, writing n['^ for vf^ n N^^\ so T^^V-^^^^ - 
we see that this isomorphism in fact identifies a subset of the 
factors of F^^'' with a subset of the factors of Fj^''. 

Thus (reordering the factors if necessary) , we can write 

i=l i=t+l 
t m(2) 

i=l i=t+l 

(So the map to Gi is, in either case, projection onto the first t factors.) 
Now r^^^ (as a subgroup, rather than up to isomorphism) is the image of 

t "i'" (1) 

l[Mgr{h))x [] ^f)(5f)>-(fc,))^^A l[PGL^,.,{k)^PGL„M 

i=l i=t+l i 

for some projective representations rj^\ i = 1, . . . ,m^^\ of dimension n-^^; and 
similarly for F^^^ (with projective representations rp' of dimension n\^^). Thus 

for each i, i < t, r-^^ and are projective representations of a common group 
T^i{Gi'^{ki), and we can form their tensor product, r- say. 
Then we see V" is (conjugate to) the image of 

n-=iPGv,„(.)(fc) X n::t+iPGL„a,(fc) x ni+iPGv,(fc) 



PGL„(fc). 

This demonstrates that F'" is very sturdy and hence sturdy, so F is sturdy. □ 

Using a few of the same ideas, we can also prove: 

Lemma 4.2.2. Suppose I is a prim,e, n is a positive integer, k/¥i is a finite ex- 
tension, T is a sturdy subgroup of GL„(A:), and N is a normal subgroup of index 
prime to I. Then N is also sturdy. 

Proof. By assumption, we have a sequence Fi < r2 <•••<! Fr = F of subgroups, each 

normal in the next with index prime to I, and with Fi very sturdy. Then wc have 
a sequence FinA^<F2nAf<i---<iFrnA^ = iVof subgroups of N, each normal in 
the next with index prime to Z; so if we show Ti (1 N very sturdy we will be done. 
Fi n iV : Fi is prime to whereas Fi is Z-Lic-ish (as discussed in the proof above), 
so every proper quotient is l-Lie-ish and hence has order dividing I. SoFiniV = Fi 
and the lemma follows. □ 



12 



THOMAS BARNET-LAMB 



4.3. Very regular elements. In the next subsection, we will prove a result show- 
ing that sturdy subgroups are big for I large. But before we turn to this task, we first 
need a lemma allowing the construction of 'very regular elements', as in |SW10l §4] 
and (WhilOi §3]. Our arguments will have to be a little more complicated, however, 
since we will have a collection of different algebraic groups (defined over different 
fields), and we need to elements in each which are 'very regular in combination'. 

The arguments in this section are rather technical but are elementary and involve 
little of enduring interest. We might advise the reader to skip them at a first 
reading, studying only the statement of Lemma 14.3.51 before moving on to the next 
subsection. (We remark that had we been willing to introduce a bound on the 
degree [k : F;] in the conditions on our main theorems, and let the bounds on I in 
the main theorems depend on the bound on this degree (which is probably harmless 
in most applications), we could have given radically simpler proofs of our results 
here, essentially appealing to results of |SW10| applied to appropriate restrictions 
of scalars.) 

We will establish a succession of stronger and stronger lemmas building up to 
the main result of the subsection. 

Lemma 4.3.1. Suppose il, S, N are positive integers. There is an integer L with 
the following property. 

Suppose that d is a positive integer and jl — (/io, . . . , Hd-i) G (Z H [— A^, N])'^ , so 
each is an integer between —N and N . Suppose also that at most S of the 
are nonzero, and that q — is a prime power, with p^\d, such that 

i=0,...,d-l 

Now suppose finally that I > L is a prime number, and let h = l^j^'')- Then 
4{ht\t e 'L/{1'^ - 1)Z} > (^)'i/i°gi°g'^. 

Proof. We begin by choosing the number L. We first recall that there is a constant 
K such that 4){n) > Kn/ \og\ogn, where cj) is Euler's function — see |HW54[ 
Theorem 328]. We then take L to be large enough that L > 2S \^N. 

We now move on to the proof proper. We first consider the linear map ip : Q"^ ^ 
Q'^ given my 'convolution by /x' — that is, the map 

d d d 

(io, • • • , td-l) l-> (E til^-ij E • • ■ ' E ^il^d~l~i) 

1=0 1=0 i=0 

— and we claim it has image which is at least (j){d/p'') dimensional. To see this, 
we note that as 'convolution is Fourier dual to pointwise multiplication', it suffices 
to show that, if we write (/to, . . . , fid-i) for the Fourier transform of /i, so fii = 
C"* 1^3 ' then the linear map Q'' — !• Q'^ defined by 

{to, . . . , td-l) (toAoj ^lAl, • ■ • : id-lAd-l) 

has image which is at least (j){d/p^) dimensional. In other words, we must show 
that at least (j)[d/p^) of the fij are nonzero. But, by hypothesis, we know that 

Yji=Q,...,d-i Cd V» 7^ 0; and applying elements of Gal((Q(Crf)/Q) we see that Y^iZa C ''Vi 
for all ry coprime to d. This tells us that fij is nonzero whenever p'^jj and j/p'^ 
is coprime to d/p'^. There are (t){d/p^) such numbers. This proves the claim in the 
first sentence of the paragraph. 
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We note that we can consider ijj also as a map Z — > Z . Then the result of 
the previous paragraph tells us that the cardinality of the image V'(([0) v^] fl Z)'') 
satisfies: 

and we then deduce moreover that this 

On the other hand, examining the image V'(([0, VO] n Z)**), we see that for each 
(uq, . . . , f<i_i) e ^'(([0; v^] 2)^), each component is a sum X^^^g ^jt^i-j ^'^^^ 
at most H nonzero terms (since at most 5 of the /itj are nonzero), each term of 
which is a product of an integer < y/fi and an integer between —N and A''. Thus 

G [-EN Vn, EN Vn] 

for each i and v. Thus i^idO, V^^] H Z)'') lies in the set 

S := {[-EN v^, EN v^] n Z)'^. 

But we observe that the map a : S ^ Z/{1'^ — 1)Z mapping {vq, . . . , i^d-i) 
^ fjZ* is injective. (This depends on the fact that I > L > 2E \/fiN.) Thus 

#a(i/'(([o, v^]nz)'')) > {VnY/^°s(d)^ 

On the other hand, for {to, ... , td-i) G Z'^, we have that 

a(^(to, . . . , ta-i)) = Y^l'Yl ^^l^i-i ^'^ - 1) 

3 m 

(putting i = j + m and changing the order of summation; notice that not only do 
we take the subscripts mod d, but we can also take the power of I mod d, since we 
work overall mod l"^ — 1) 

= h^tjP e {ht\t e z/{i'^ - i)Z} 

3 

whence #{ht\t € Z/{1'^ - 1)1] > #a(^(([0, W\ n Z)**)) > (^)'^/i°s('^), as re- 
quired. □ 

Lemma 4.3.2. Suppose that E is a positive integer. There is an integer n with the 
following property. 

Suppose that d is a positive integer, and jl — {fio, . . . , Hd-i) G Z''. Suppose that 
both of the following conditions hold: 

• We have #{i\l^i 7^ 0} < S. 

• Whenever p^ is a prime power, with < n and p^\d, we have that 

i=0,...,d-l 

where Q denotes a primitive dth root of 1. 
Then jl is identically 0. 
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Proof. We take n — S + 1. Let us begin by establishing some notation. Let Vi 
denote the vector space of Q- valued functions on the group Z/dZ. We think of jl as 
an element of Vi . For each positive integer q dividing d, let Vd denote the subspace 
of functions / such that /(a + {d/q)) = f{a) for all a e Z/dZ. For each d'\d, let 
Wi"^ ^ denote the vector space of Q- valued functions on Z/rf'Z, for each prime power 
q\d', let W^'^"> denote the set {/ e W<^'^'^\f{a + {d'/q)) = f{a) for all a € Z/dZ}. 
Thus Wjj'^^ is an alias for Vq . Finally, we note that we have a map tt^' 
mapping a function / : Z/dZ — >■ Q to the function g sending a G Z/d'Z to the sum 
of / over elements b G Z/dZ which give a when reduced mod d'. There is a similar 
map Trd',d" : W^'''^ W^'^"^ for all d"\d'\d. 

Claim. Suppose that Y.'i=a Qf-'i = 0- ^ J2p a prime,p\d^P' where the sigma 

denotes the internal sum of subspaces of Vi . 

Proof We consider Q{Cd) as a Q vector space (which is (j){d) dimensional, by the 
standard theory of cyclotomic extensions), and consider the linear map of Q vector 
spaces a : Vi ^ QiCd) mapping / i-^- Ylfl^ f{i)Ch which is clearly surjective. 
Hence kcra is — (t){d) dimensional. On the other hand, for each prime p dividing 
d, we readily see that Vp C ker a, so that Ylip^p ^p C ker a, where P denotes the 
set of primes dividing d. On the other hand, 

dim E (-l)*^clim(fly, 

p\d, p prime SCP.Sj^B \peS 

= E {-i)*'jr^=d-m- 

scP,Sji$ iipes^ 

It follows that ker a = dim^^i^ ^ prime hence, as we assume jl G ker a, our 

conclusion follows. □ 

The same ideas readily extend to prove: 

Claim. Suppose that q\d is a prime power and YliZo C^Vi = 0- Then 

^^-dd E ^r^^V 

Vp a prime,p\{d/ q) J 

Now, suppose that , . . . , are all prime powers dividing d, and write q'l for 
the next- highest power of the prime dividing qi after qi (so if qi = p^ , gj = p^"*"^). 
Then we see that: 



(4.3.1) E ^'^lA^ h^^M E K'^''^ 

yi=l,...,r j \ \p & prime,p|(d/gi) 

^ fK;M+Ei=2,...,r^c;M (if^iM) 
lE«=2,...,r^rfM (if^it'i) 

We are now in a position to proceed to the proof proper. Suppose that fi satisfies 
the two bullet points in the statement of the proposition. Let p\,...,Pr be the 
primes dividing d. We know from the first claim above that fx G Vp^ + . . . Vp^ . We 
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will think of this as saying /i G V^ai + . . . V^«r , where each Ui stands for 1 for the 
time being. Our aim will be to gradually increase the numbers at and/or reduce 



for some s < r. (As we go along, we will allow ourselves to reorder the primes 
Now, let us suppose that at least one of the p"' is < n. We know that 



and hence, using equation 14.3.11 and the ongoing assumption in equation 14.3.21 we 
can either replace the term Vp"; in the equation 14.3.21 with V^a^+i or suppress the 

term entirely (in which case we can reorder the pjS such that pi — Ps, and then 
replace s with s — 1, so maintaining the form of equation 14. 3. 2[) . 

After repeating this procedure a finite number of times (which can be bounded 
in terms of the number of distinct prime powers dividing d), we see that fl € 
V^»i + ...Vp^i where each is > n. We let qi,...,qs be the prime powers 



We know then that jl can be written as a sum vi + ■ ■ ■ + where each Vi £ Vq. . 
On the other hand, this expression is of course not unique, since the map (SiVq. — )■ 
J2i is not injective. We place an ordering on tuples {vi, . . . ,Vs) G (BiVq^ with 
X^i "^i = /i as follows: 

• First, we order tuples by the number of initial zeros in the tuple. That is, 
we order according to the maximum t such that ui, . . . , vt^i are all 0. (The 
more zeros, the 'larger' we consider the tuple to be.) 

• Second, amongst tuples with the same number of initial zeros, we order as 
follows. Let Vt be the first nonzero element in the tuple. Vt is an element 
of Vq^, and hence a function on Z/dZ. We order according to the number 
of times this function takes a nonzero value, with fewer nonzero values 
counting as making the tuple 'larger'. 

It is easy to see that we can find a maximal tuple (ui, . . . ,Vs) in this collection. It 
is possible that this maximal tuple is in fact (0, . . . , 0), whence fl = and we are 
done. So let us suppose that this is not the case, so there is some t with wi, . . . , Vt-i 
all but Vt nonzero. 

We write U for J2i>t ^qmt^ ^ subset of Vq^. We see that we cannot find a u & U 
with Vt — u (an element of Vq^ , and hence a function on "E/dli) taking fewer nonzero 
values than vt does, else we could write u = X]i>t '"j where Ui € Vq.q^ C Vq^ nVq^ , and 
replace the tuple (0, . . . ,0, w*, vt+i, .. ■ ,Vs) with (0, . . . ,0,Vt-u,Vt+i+Ut+i, . .. ,Vs + 
Us) which is larger according to the ordering above, contradicting the maximality 
of (wi, . . ■,Vs). 

Now, for each i g Z/((i/gt)Z we write Si for the set of elements of Z/dZ congruent 
to i mod d/qt- We see that the number of nonzero values that jl takes on the subset 
St must be at least the number of nonzero values vt takes on what subset, otherwise 
we could find a m as in the previous paragraph. But vt is nonzero and periodic with 
period d/qi. Thus Vt is nonzero for at least qi > n > 'E, possible inputs, so fl is too, 
contradicting the first bullet point in the statement of the lemma. □ 



the number of terms in the sum Vp^i + . . . V^»a , always maintaining the fact that 





Pi 1 ■ ■ ■ tPs 
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Lemma 4.3.3. Suppose and N are positive integers, and e > is a real 

number. Then we can find an integer L(N, S, e) with the following property. 

Suppose that I > L(iV, is a prime, v < <^ is an integer, and d € Z>i. 

Suppose that for each i = \, . . . ,v we are given a di G Z>i with di\d. Write T for 
the finite ( additive ) group 

[ i=l,...,i/ 

Write S for the set 



I'^'ti — ti for all i 



5= n n (^n[-iv,iv]), 

i—l,...,u j—0,...,di 

so we write a typical element of S as fl — ((/ii,Oi ■ • • i f-i.di), • • ■ , (/^i/,Oi • ■ • i f-i^.d^))- 
Write Sb. for the subset of S consisting of elements fj, for which ft'iih 7^ 0} < 

E!. For p € S and t G T, we define 

= ^^/^'j^' (so ^lit) &z/{i'^ -i)z). 

i=l,...,u j=0,...,di 

Then we have 

#{(M,t)G5Hxf|M(t)=0}<e#f. 

Proof. Step 1: selecting L. We apply Lemma [4.3.21 with il and S as in the present 
context, deducing the existence of an integer n with the property described there. 
We write Q for the set of tuples (gi, . . . , q,y) where each is either a prime power 
< n, or the symbol oo; and we note that this set is finite. We set S — e/#Q- 
It then is a trivial exercise in analysis that we can choose VL large enough that 

;= ; < 

for all X > 1. We then apply Lemma [4.3.11 with this choice of 17, and with 5 and 
N as in the present context; then lemma furnishes a choice of L with a certain 
property (as described there). This is the L we will use. 

Now we suppose that v, d etc. are as in the statement of the lemma. 

Step 2: introducing the sets S{q) for each q = {qi,. . . ,q^) S Q, and showing 
UgeQ ^(m) ^ ^3- For each q £ Q with the property that, for each i, either qi = oo, 
or qi\di, we write S{q) for the subset of 5*2 consisting of elements Jl for which, for 
those i G {1, . . . , z/} where qi is a prime power, we have that: 

j=0,...,d,-l 

while for those i where qi is cxi, we have that /ij.j — 0. For q (z Q with qi \ di for 
some i, we set S{q) — 0. 

By application of Lemma [4. 3. 21 we see that for each fixed jl G Ss, and each fixed 
i, there either is some prime power qi < n dividing di such that the sum in the 
displayed equation is nonzero, or else we have that fiij is zero for all j (this is since 
#{j\lJ-i,j ^ 0} < S). It follows that for each fixed /2 G ^h, we can find a tuple q&Q 
such that the sum in the displayed equation is nonzero for every i, and hence it 
follows that Ug-6Q S{q) D S'h- 
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Step 3: bounding 4f'{{fl,t) e S{cj) x f\fl{t) = 0} for each q. We now fix qE Q. 
Our goal in this step of the proof is to show #{(^, t) e S{q) x T\fl{t) — < 5 4j^T. 
If qi \ di for some z, then S{q) — and there is nothing to prove, so we may assume 
qi\di or qi = oo for ah i. Moreover, for those i for which qi — oo, we can simply 
imagine that the corresponding /i^.j (and t,) no longer exist (i.e. v is reduced) and 
then suppress those qi. So we can assume that qi\di for all i. 

Let dmax = maxidi. To give an element of S{q), it suffices to choose S pairs 
(i, j) (this chooses S of the ^i,j to be potentially nonzero), then for each of these 
S of the fiij we must choose their value. The first choice may be made in at most 
sJ2i<ii ^ays, and the second in fewer than (2A^)" ways. Thus 

#5(q) < E^^^'{2Nf < S*"^— (2iV)-. 

Next let us fix some fl € S{q). Let i be some index such that di — dmax- We 
may think of fl as determining a homomorphism t i— > jlit) mapping T — >■ lijil'^ ~ 
1)Z, and we may think of [ii — (fJ-ifl, ■ ■ ■ , fJ-i.di-i) as determining a homomorphism 
2/(/rfmax _ _^ Z/{1'^"'-^ - 1)Z, where 1 1-^ J^j I'f^i.jt- We have that 

#{<ef|/i(i)=0} = #kcrAr= *^ *^ 



{T:kcTfl) #fi{T) 



< 



#/i,(z/(;''»- - i)z) ( vi7)<--/i°gi°g'^" 
(-;/j7)'^"--/i°gi°g'^">'"' 



(where the penultimate inequality relies on our choice of ^ > L, where L was the 
constant from Lemma l4.3.ip . 

Combining the bounds on #S{q} and, for each fl e S{q), on #{i e T|m(^) = 0}, 
we see that 

#{(M,t) e Siq-) X f l^^(t) . 0} < (^),„f,To,io,.„.. ^"'""-(^^)" < 

completing this step of the proof. 

Step 4: concluding the argument. We may write, using step 2, 

{(m, t) e 5h X f\flit) = 0} c U {(m, e S{q) X f 1^(0 = 0} 

and hence 

#{(/!, e 5h X f\p{t) = 0} < ^ #{(M,i) G 5(g) X f\m = 0} 

q&Q 

This is as required. □ 

Lemma 4.3.4. Suppose S, $, anc? are positive integers, and e > is a real 
number. Then we can find an integer L(N, $, S) with the following property. 

Suppose that I > L(Af, $,S) is a prime, v < ^ is an integer, and that k/¥i is 
a finite extension. Suppose that for each i = 1, . . . ,v we are given a field ki, with 
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¥i C ki C k. Write di = [h : F;]. Write T* for the finite group Gm(fci)- Write 
S for the set 

s= W n (^n[-7v,iv]). 

j—0....,di 

Write Se, for the subset of S consisting of elements /j, for which 7^ 0} < 

For fl € S and t £ T* , we define 

A^w= n n ^''■'^k\ 

i—l,...,i'j—0,...,di 

Then we have 

#{{MeSExT*\fI{t)^^}<^#T\ 

and hence, if we have taken e < 1, there is some t £ T* such that for no jl £ Ss do 
we have flit) — 1. 

Proof. The first part of the lemma reduces to the previous one after the application 
of some choice of a 'discrete log' isomorphism, Gm(fc) — > — 1)Z. The 

second is immediate by considering cardinalities. □ 

Lemma 4.3.5. Suppose that n, M and S' are a positive integers. There is a 
constant C2{M, n, S') with the following property. Suppose I > C2(M, n) is a prime, 
and we have have an integer m, fields ki, and groups Qf^ exhibiting some subgroup 
r < GL„(A;) as very sturdy, as per Definition \^.l.l : suppose further that these have 
the additional properties described in Remark 4-l-4\ Suppose for each i, T/ki is a 
maximal torus in Qi. Then we can find elements gi G Ti{ki) C Qi{ki) for each i, 
such that the map 

a: n {AeX(7-,,)|||A||<Ci(n)}f'=*'"'Up 

i— l,...,m 

. . . , Aijfejj,]), ■ • • , (Am,l: • • • 7 Am,[fc„,F,])) (]^ Y\_ Aij(gj)' )'^'' 

i j=0,...,[fei:F,] 

is infective on the subset of the domain consisting of A with at most S' of the Xij 
nonzero. (Here X{Tl j.) denotes the set of weights for 7^ ^ J 

Proof. Before we choose the constant C2 (M, n) , let us imagine briefly that we have 
an integer m, fields ki, and groups exhibiting some subgroup F < GL„(A:) as 
very sturdy in order to introduce some notation. As per Remark 14. 1.41 for each i, 
Ti{ki) can be written as Hoeo *Sm(^j,o), where Oi is the set of orbits of the simple 
roots in X[Ti) under Gal(k/ki), o stands for a particular orbit, and ki,o is an 
extension of ki with \ki : ki,o] ~ #0. We can associate to a tuple (Ai,i, . . . , Aij^^^F,]) 
a collection of tuples {^i,o,i, ■ ■ ■ , fJ-i,o.[ki oiF;]) such that, whenever 

• {gi, . . . ,gm) is a tuple of elements in J^,- Ti{ki), which corresponds to a tuple 
of elements 

((^1,1; ■ • • )*l:#Ol)7 (*2,lj • • • )*2,#C)2); • • • J • ■ • i*m,#C),„) e W W 'Grn{ki,o) 

i=l,...,m o£Oi 

under the isomorphism Ti{ki) = IIogci '^miki^o). 
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we have that 

n n n n n ^r' 

i=l,...,m j=0,...,[fei:Fi] i=l.,...,m oSOi j=0, :F,] 

Finally, we write v = ^ ■ jfd . 

At this point we will proceed to choose C2(M, n), which must not depend on the 
integer m, fields A:,, and groups Gi'^- The fact that each X.^ j has ||A,ij|| < Ci(n) 
allows us to find an integer N depending only on M and n such that whenever we 
have ^ii,o.,jS as above, —N < ^Hi^oj < N for all i,o,j. 

We can also bound in terms of n the largest possible rank of any of the groups 
Gi, (since the group must have a faithful mod center representation of dimension 
< n). Thus, if we assume at most 2S' of the A are nonzero, since we can bound 
how many are associated to each of these A (using the bound on the rank of the 
Gi), and because only the fis associated to a nonzero A may possibly be nonzero, we 
deduce that there is a constant S depending on n and S' alone such that at most 
S of the fis are nonzero. 

Similarly, we can bound v in terms of n alone, since we first bound m in terms 
of n and then use the bound on the ranks of the Gi to bound the #0^. Let $ be 
the upper bound on i^. 

We apply Lemma [4.3.41 with 

• $, S and N as in the present context, and 

• e = 0.9. 

We get a constant L, and we put C2(M, n, S') = L. 

We then see that if we have an integer m, fields ki, and groups Gi'^ exhibiting 
some subgroup F < GL„(fc) as very sturdy, and we apply the property of the bound 
L given in Lemma 14.3.41 we have that we can find a t € YiiYioiEO ^m.{ki^o) (cor- 
responding to an element (gi, . . . , g™), in Yli Ti{ki) C Yii Gi{ki), with the following 
property: 

• For any A G n»=i....,™ G X{%-k) | ||A|| < Ci(n) with at most 2S' 
of the Xij nonzero (and hence with at most S of the corresponding [is 
nonzero) we have that 

n n A.,,(,o-^ n n n <r '' 

i=l,...,m j=0,...,[fci:Fi] i=l,...,m oGOi j=0,...,lki_a:¥i] 

is never 1. 

It follows that the map a given in the statement of the lemma is injective on the 
subset of its domain as described there, if A, A' are two elements in the domain 
with at most S' of the Xij and A-^ nonzero, then at most 2S' of the {X/X')ij are 
nonzero, and so a(A/A') cannot equal 1, by the bullet point immediately above. □ 

4.4. Sturdy implies big. Our next goal is to show that sturdy subgroups are 
automatically big, at least for I large. Our arguments draw will very heavily on 
ISWlOllWhilO] . 

Proposition 4.4.1. Let M and n be positive integers. There is a constant C^^M, n) 
depending only on M and n with the following property: if I is a prime number 
which is larger than Cz{M,n), k/¥i a finite extension, and F < GL„(A:) a very 
sturdy subgroup, then F is M-big. 
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Proof. Since F is very sturdy, it is abstractly isomorphic to a product of finite 
simple groups, each of which is a simple group 'D{H{¥q)) of Lie type with l\q. (See 
Lemma 14.1.31 ) Any normal subgroup must just be a product of a subset of the 
factors, and so the quotient will isomorphic to the product of the complimentary 
factors, and hence not of I power order. This gives us the first bullet point in the 
definition of M-bigness. 

Since F is very sturdy, it is assumed to act absolutely irreducibly, and the second 
bullet point in the definition of bigness follows. 

In order to discuss the remaining points, we will let to, Qi, . . . , Q^m fci, ■ • ■ , 
and ri , . . . , refer to the various objects of those names described in the definition 
of very sturdy, Definition l4.1.1l We can and will assume that these have been chosen 
with the additional useful properties as described in Remark 14.1.41 By definition, 
ri is a faithful projective representation over k of 7ri(C/*'^(fci)); we will write Vi for 
this representation space^, which must be absolutely irreducible since otherwise F 
would fail to act absolutely irreducibly, contradicting a hypothesis of sturdiness. 

We now turn to proving the third bullet point in the definition of bigness. As 
explained in |Lar95a[ 1.13], every k representation of Q^'^(ki) is a direct sum of 
irreducible representations over fc, and hence every self-extension of Vi is triv- 
ial. It follows that H^{g^''{ki),a,dV,) = (0). From this and the fact that adV, 
is semisimple (again from |Lar95a| 1.13]), so ad^ Vi is a direct summand, we see 
H^{gf''{ki),ad" V) = (0). Then H\g^%ki),Sid° V «)fe. k) = (0), and hence: 

^'(n^r(fcO,ad"(g)(l^, k)) 

i i 

^H\l[grih), (g)ad°(T/,®fc,fc)) 

i SC{l,...m},S740 ieS 

^'(n^r(fc.),(8)ad°(F.®,,fc)) 

SC{1,. ..m},5#0 i i&S 

((g)i?'(ef (fc^),ad°(t/,(»fc. fc)) J $5 I (g)Hom(gf (fc,),fc) 
(0) - (0) 

SC{l,...m},S#0 

But this tells us {H^gf^k^), ad k") = (0), where UiGt^ik^) acts on k" via r. 
Let K be the kernel of r. We have an exact sequence 

i^K^H grih) ^ r{\{ gr{h)) ^ 1 

i i 

and hence an injection 

H\r{\{ grih)), (ad" fc")^) ^ H\l[ grih),ad' fc") 

i i 

and so since the group on the right vanishes, so does the group on the left. Since 
under r we have that K acts trivially on fc", it acts trivially on ad°fc". Thus 
iJi(r(n,^?r(fc,)),ad°fc") = (0), and the third bullet point in the definition of 



convention which we will follow in the present proof is to use Roman letters like V for rep- 
resentation spaces of abstract finite groups, and cursive letters like V for algebraic representations. 
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bigness holds for Qf'^[ki)). It follows that it holds for F, arguing as in [SW10[ 
Prop 2.2]. 

All that remains is the fourth bullet point in the definition of bigness. Before 
we turn to this, we would first like to relate the to algebraic representations. Fix 
some i, 1 < i < TO. We now apply Theorem 13.3.11 with: 

• k there being our current fci, and 

• Q there being our current C/f^, 

we see that Vi®k (which is initially a representation of TT{Qi{ki)), but can therefore 
be thought of a as a representation of Gi(ki) by composing with tt) is of the form 
^^fc.F,]-i yFrob*^ where each Vij is an irreducible algebraic representation of Gi/ki 
with highest weight A satisfying < A(a) < / — 1, and with ki coefficients. By 
applying Corollary I3.3.3[ we can bound the norm of Vi,j, deducing that ||Vij|| < 
Ci{n), where Ci(n) is the constant from Corollarv l3.3.3l 

Now, for each i, recall we have chosen (as per Remark l4.1.4|) a Borel subgroup Bi 
of Qi defined over ki, and a maximal torus % for Bi (automatically a maximal torus 
for Gi). Let Vi.jfi be V^j, where is the unipotent radical of S^. Let A^j- : Ti — >■ Gm 
give the action of Ti on Vij^; as in the |SW10j (the second paragraph before the 
proof of Lemma 5.2 there), we see that Xij is a highest weight of Vij and occurs 
as a weight with multiplicity 1. 

Let Cij be a vector in Vij, then let = ^ vector in Vij-. Since 

Vi corresponds to •X'jVf™^"' under the correspondence of Theorem 13.3. 1[ and in 
particular they have the same underlying vector space over fc, we can think of this 
ei also as a vector in Vi. Finally let e = e.^, a vector in a representation space for 
r, V say. We see, by Lemma [4.3.51 that we can find an element 5 € Hi Gi(ki) such 
that e is an eigenvector of g whose corresponding eigenvalue a is a simple root of 
the characteristic polynomial of g\V, and which indeed has the property that any 
other root f3 of this polynomial has a^^ ^ fi^' . 

On the other hand, by [SWIOI Lemma 5.2], and the arguments immediately be- 
fore we see that every nonzero irreducible submodule of ad(Vij ) has non-zero projec- 
tion onto ad(Vi,j,o); whence every nonzero irreducible submodule of ad({^^ ^1]°"°') 
has nonzero projection onto ad((^^ )\ a-^d thus (using Theorem 13.3.11 The- 

orem I3.3.2[ and ) we see that every nonzero irreducible submodule oi Vi ®k has ref 
nonzero projection onto (e^) ® k. It follows every nonzero irreducible submodule of 
Vi has nonzero projection onto (e^) ® k. Thus every nonzero irreducible submodule 
of V has nonzero projection onto (e). This is as required. □ 

Corollary 4.4.2. Let M and n be positive integers. There is a constant C^^M^n) 
depending only on M and n with the following property: if I is a prime number 
which is larger than C3{M,n), k/¥i a finite extension, and T < GL„(fc) a sturdy 
subgroup, then F is M-big. 

Proof. We take the constant C3 (M, n) to be as in the Proposition. Then, given 
a sturdy F, we look at the chain of subgroups Fi < F2 < • • • < F^ = F. We apply 
the Proposition to see that Fi is M-big; we then apply Proposition 12.1.21 to see 
inductively that each Fj, i > 1 is Af-big. In particular, F = F^ is Af-big. □ 

5. The main result 
5.1. The heart of what we will prove is the following rather technical proposition. 
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Proposition 5.1.1. For each positive integer n, there is an integer An with the 
following property. Let I > An be a prime, k/¥i a finite extension with I \ [k : ¥i], 
and r < GL„(/c) a subgroup containing . For convenience of notation, let us 
also choose a number field L and prime X of L such that Ol/XOl = k. Then one 
of the following must occur: 

(1) T does not act absolutely irreducibly on fc" . 

(2) T lies inside some imprimitive subgroup Gvi®---®Vm (^^^ Definition \S.1.1\) : 
that is, r preserves a direct sum decomposition, /c" = Vi ® • • • ® Vm ( where 
dim = n/m for all i), though it need not preserve the individual terms 
in the direct sum. 

(3) We can find a k vector space Vk, an L\ vector space Vl, an Omx lattice 
A C Vl, a finite subgroup G < GL(A), and an isomorphism k" = Vk ® Vl 
(where Vl is the k-vector space A(E)Ol such that we can factor the map 
r ^ GL(fc") ^ PGL(fc") through the^map 

PGL(T4)xG PGL(T4)xGL(A) ^ PGL(T4.)xPGL(A) ^ PGL(T4)xPGL(Vi) ^ PGL(fc") 

(4) T is a sturdy subgroup, in the sense of Definition \4 . 

Furthermore, in case (3) the order of the group G can be bounded in terms of n. 

Proof. We prove the claim by induction on n. We may therefore inductively suppose 
the existence of Ai for a\\ i < n. 

By applying Proposition 13.2.11 with Q being the algebraic group VQC, we see 
that there exists a constant X and a finite set S of almost simple groups, (a group 
H is almost simple ii G < H < Aut G for some simple group G) such that for all 
I > X and finite extensions fc/F; we have that 

• Every subgroup of PGL(F/) which is a finite almost simple group is either 
isomorphic to a member of 5* or to an almost simple group whose corre- 
sponding simple group is a derived group of an adjoint group of Lie type, 
V{H{¥g)), where l\q and 2?CH(F,)) = ImCH'"=(F,) ^ ^(F,)). (5.1.1) 

We can and do choose An to be large enough that, if / is a prime larger than A„: 

• l> X. (5.1.2) 

• l> Ai,i = l,...,n-1. (5.1.3) 

• If n = is an odd prime power, then I is coprime to and to 
#Sp2^(Fp). (5.1.4) 

• If n = 2™ is a power of 2, then I > 2 (and hence is coprime ^2^'^"^ 
and #2^+2"), and furthermore I IS coprime to both #G0j„(F2) and 
#G02-„(F2). (5.1.5) 

• I is coprime to the orders of all the groups in the set S. (5.1.6) 

• We have ^ -j" m for all m < n. (5.1.7) 

We must now show that this An will have the property described in the proposition. 

We consider first the special case where F is all of GL„(A:). In this case F contains 
SL„(fc)fc^ as a normal subgroup with prime-to-^ index, while SL„(fc)fc^ is clearly 
very sturdy, taking Q as the restriction of scalars of 5£„ from k to F/ (this is 
manifestly simply connected and semisimple), and the obvious map G — > SCn[k:¥i] 
(which is obviously algebraic). Thus F is in this case sturdy. 

Otherwise, we apply the Aschbacher-Dynkin Theorem (Theorem l3.1.2|) . to F. We 
see that F is contained in some subgroup of GL„(A:) of one of the kinds described in 
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Dcfinition l3.1.H (l)-(6). The rest of our proof will be broken into cases, depending 
on in which kind of subgroup F is contained. 

• Case 1: A reducible subgroup. In this case, we see that 7r^^(r) acts re- 
ducibly, and we are done (alternative 1 of the theorem to be proved). 

• Case 2: An imprimitive subgroup, Gviis,...Vm- this case, we are also done 
(alternative 2 of the theorem to be proved) . 

• Case 3: The stabilizer of a binary tensor product decomposition, factor by 
factor. Suppose F stabilizes a tensor product decomposition Fi (g) V2 . 

In this case, the map F ^ GL„(fc) -» PGL„(fc) will factor through the 
obvious map PGL(Fi) x PGL(l/2) ^ PGL(fc"), giving a map </> : F ^ 
PGL(Vi) X PGL(F2). Let tt, : PGL(Fi) x PGL(t/2) ^ PGL(F,) (i=l,2) 
denote the projection, and let Qi : GL(Vi) — > PGL(Vi) (i=l,2) denote the 
natural quotient map. Finally, let F^ :— q~^{'K~^((j}i{T))). 

By point 15.1.31 / > A^im Vi , and we may apply our inductive hypothesis 
to yield that Fi satisfies one of the alternatives (1-4) in the statement of 
the proposition. We first show that we are done if any of the first three 
alternatives hold. 

— Case 3a: Fi does not act absolutely irreducibly. In this case, after 
an extension of fields fc'/fc, Vi (l^k k' has a nontrivial proper subspace 
W which is Fi stable. Then (fc')" has a nontrivial proper subspace 
W ^k' {V2 'S)k k') which is F stable, and we have alternative 1 in the 
statement of the present proposition. 

— Case 3b: Fi acts imprimitively. In this case, Fi will preserve a direct 
sum decomposition Vi = Wi ® • • • ® Wm for some m, where dim Wi — 
dim Vi/m for all i. Then F will preserve the direct sum decomposition 
Wi ® V2 ® . . . Wm <E) V2 , and we have alternative 2 in the statement of 
the present proposition. 

— Case 3c: The map Fi ^ GL{Vi) PGL(Vi) factors through 

PGL(t/i,fc) X G PGL(Fi,fe) X GL(A) -» PGL{Vi^k) x PGL(A) 
^ PGL{Vuk) X PGL(VU) ^ PGL(l/i). 

(Here we have a k vector space V^, an Lx vector space Vl, an Oi^ 
lattice Ac Vl, a finite subgroup G < GL(A), and an isomorphism 
fc" = Vfe (g) Vl.) In this case, we have V = Vi <^ V2 = Vk <S^ 14, l where 
Vk := V2 <S)Vi^k, and a commutative diagram as in Figure [TJ 
Thus we have alternative 3 in the statement of the present proposition. 
Thus we have reduced to the case where alternative (4) in the statement of 
the Proposition holds for Fi. We may similarly reduce to the case where 
(4) holds for That is, we see that Fi and F2 are both sturdy. We may 
also assume that F acts absolutely irreducibly (else we are done, via the 
first alternative). By applying Lemma [4.2. 1[ we see that F is sturdy, and 
we have the fourth alternative in the proposition to be proved. 

• Case 4: The stabilizer of a tensor product decomposition, fc" = T/i g) • • • (g) 
not necessarily factor by factor. In this case, it is easy to see that for each 
7 € F, 7 determines a permutation of the Vi, and we have a homomorphism 
: F — )• Sx, where X = {Vi, . . . , V,n}; that is, F acts on X. If this action is 
not transitive, then we may write y as a tensor product with F preserving 
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GL{V) 



PGL(yi) X PGL(y2) 



■■PGL{V) 



(PGL(yi,fc) X PGL(Vi,l)) X PGL(l/2)^ > (PGL(14) x PGL(Vi,l)) 



(PGL(yi,fe) X PGL(A)) X PGL(l/2) 



■PGL(Fi,fe) X G X PGL(y2)^ 



->PGL(l/i,fe) X PGL(A) 



-^PGL(yfc) X G 



Figure 1. Commutative diagram for the proof of Proposition 



the individual terms in the tensor product, and hence reduce to the previous 
case. Thus we may assume that P acts transitively on X. 

We consider, Stabr Vi, the stabilizer of Vi in P. Then there is a natural 
map TT : Stabr Vi PGL(yi). Let q : GL{Vi) PGL(l/i) denote the 
quotient map, and let Pi = g~-'^(7r(Stabr Vi)). 

By point 15.1.31 / > Adim Vi , and we may apply our inductive hypothesis 
to yield that Pi satisfies one of the alternatives (1-4) in the statement of 
the proposition. We analyze each of these cases in turn. 

— Case 4a: Pi does not act absolutely irreducibly. In this case, after 
an extension of fields k' /k, Vi (8>/c k' has a nontrivial proper subspace 
W which is Pi stable. Then (fc')" has the nontrivial proper subspace 
W (E)k' W (E)k' • • ■ ^fc' W which is P stable, and we have alternative 1 
in the statement of the present proposition. 

— Case 4b: Pi acts imprimitively. In this case. Pi will preserve a direct 
sum decomposition Vi — W\ ® • • • © Wr for some r, where dim Wi = 
dimVi/r for all i. Then P will preserve the direct sum decomposition 



) Wi,^ (though not necessarily the individual 



terms within it) and we have alternative 2 in the statement of the 
present proposition. 
- Case 4c: The :nap Pi GL(Fi) ^ PGL(Vi) iactors through 

PGL{Vuk) xGi^ PGL(V^i,fe) X GL(A) ^ PGL{Vuk) x PGL(A) 
^ PGL(Fi,fc) X PGL(Ti^) ^ PGL(yi). 

(Here we have a k vector space Vk, an L\ vector space Vl, an Ol^ 
lattice Ac Vl, a finite subgroup Gi < GL(A), and an isomorphism 

k^^Vk<»vE.) 

This data tells us that we can think of Vi^l as a characteristic zero rep- 
resentation of Pi, with stable lattice A and reduction mod I Vi^l, and 
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think oi¥Vi^k as a projective representation of Fi; and that moreover, 
if we think of Vi as a representation of Fi in the obvious way, then the 
associated projective representation satisfies PVi = PVi^l ^ PVi,k- 
Then we see 

PV ^ P((g)-Indri Vi) ^ ®-Indpi PVi 

^ P®-Ind}^^ Vi.L (E) (®-Ind^;^ Pyi,fe) 

Here Vl := (gj-Indp^ Vi.^ L is a characteristic representation of F, with 
an invariant lattive A®™ and PVfc := (8)-Indp^ PVi^^ is a characteristic I 
projective representation. These furnish us with a map F — >• GL(A®"') 
(with finite image, G say) and a map F — >■ PGL(Vijt). The isomor- 
phisms above then tell us that we can factor F ^ GL(V^) -» PGL(V^) 
through 

PGL(T4) xG^ PGL(14) X GL(A»") -» PGL(Ffc) x PGL(T^) ^ PGL(F). 

Thus we have alternative 3 in the statement of the present proposition. 
— Case 4d: Fi is sturdy. In this case, we introduce a further subgroup 
N := ker </> of F, the subgroup acting trivially on X. N is normal in F, 
with index dividing m!, and so if we put A^i — (7^^(7r(A^nStabr Vi)) — 
q~^(Tr{N)), then Ni is normal in Fi with index dividing ml). In partic- 
ular, by point [571.71 and the obvious fact that m < n, we see (/, m) = 1, 
so by Lemma r4.2.2l we see that Ni is sturdy. 

We can construct, by analogy with Fi, further subgroups F2, . . . , Fm- 
Since, given any element 71 of Fi, we can find an element of F2 which 
acts on V2 in the same way as 71 acted on Vi (by conjugating by an 
element of F which acts to move Vi to V2, possible since the action of 
F on X is transitive), we see F2, . . . ,Fm are also big. We construct 
N2, . ■ . , N,n by analogy with Ni above, and we see that each is sturdy, 
by the same argument. It follows from Lemma [4.2.11 applied repeat- 
edly, that N is sturdy. Then since N <iT with index prime to I (since 
dividing m! — see point ISTTTI) . we conclude F is sturdy. 
Thus we are done, having the fourth alternative in the proposition to 
be proved. 

• Case 5: A subgroup of extraspecial type, Gpi+2m . Let us first suppose p ^ 2. 
Let G be the subgroup of GL„(Q) isomorphic to p^"^^™ as constructed in 
§3.10.2 of |W_iin9j . TV its normalizer in GL„(Q) (so N ^ p^^^"' x Sp2™(Fp).) 
Let G and N be their reductions mod I, subgroups of GL„(fc). We have 
that #F|#Gpi+2™ and #Gpi+2™ |#7V#fc^ , while #N\#N = #p;^+^" x 
SP2m(IFp)- Thus 

#r|(#fcX)(#p^+2™)(#Sp2„,(F,)) 

and since on the other hand 1 = [jj^k^ ,1) — {p,l) = (# Sp2„j(Fp), /) (by 
point I5.1.4p . we see that (#F,0 = 1. We may think of F ^ GL„(/c) as 
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being a characteristic I representation of F; since (#r, /) = 1, this lifts to a 
characteristic zero representation r : F — > GL(A) where A C is a lattice. 

We then have alternative 3 of the present proposition, taking Vk = k, 
G = r(r), and mapping V — ^ PGL(Vfc) x G via (1, r), where 1 is the constant 
function taking value the identity. 

The case that p = 2 is completely analogous, using ISATsI 
• Case 6: T/k^ is contained in the image of an injective homomorphism 
(j) : H ^ PGL„(fc), where H is an almost simple group. 

We first consider the case where H is isomorphic to one of the groups 
in the set S constructed at the beginning of the proof. In such a case, 
say T/k'' Go, Go e 5, #r = #(r/fc^)#fc>< = #Go#fc^, so since 
(#A;^,0 = i#GaJ) = 1 (using point ElU above), we have (#r, = 1. 
Thus, thinking of the inclusion F ^ GL„(fc) as a representation of F in 
characteristic I, we can lift the representation to characteristic zero, and 
hence deduce that alternative 3 of the Proposition holds, just as in case 5 
analyzed above. 

Thus we may assume on the one hand that F/fc^ is isomorphic to an 
almost simple group H; and an other hand, this almost simple group cannot 
be isomorphic to any group in the set S. But then, given point 15.1.11 
above, we see that F/fc^ is isomorphic to an almost simple group whose 
corresponding simple group is a derived group of an adjoint group of Lie 
type, V{H{¥g)), where l\q and V{Hi¥g)) = ImCH'*"(F,) -> H(F,)). 

This tells us that H has a normal subgroup, N say, where N ~ 'D{7i{¥q)). 

Claim. The degree [¥q : ¥i] divides [k : ¥i]. 

Proof. We can consider r : -^^^(F,,) ^ -H(F,) N ^ H ^ PGL„(fc) 
as a projective representation of the abstract group 'H*^(Fg). We can then 
extend the coefficients of this representation to Fj. Applying Theorem 
13.3.11 we see that, after extending coefficients in this way, it can be con- 
structed as the restriction to Fg points of a product of Frobenius twists of 
algebraic representations, as described in the statement of that theorem. 
But considering representations of this form, we immediately see that if 
[¥q : ¥i] I [k : F;], we will not be able to conjugate our F; representation 
to a representation defined over fc, which is a contradiction, because our F; 
representation came from one defined over k. □ 

Since, by assumption, I \ [k : ¥i] we see that / 1 [F^ ; F;], and hence (using 
the complete description of the outer automorphism groups of groups of Lie 
type given on page xv of |CCN+] ) that Out N has order prime to N. Thus 
H/N has order prime to I. Let q : GL„(fc) -» PGL„(fc) denote the quotient 
map, and let F2 = F = q--^{(j){H)) and Fi = q-^{4){N)). Then we see that 
Fi<iF2 with #(F2/Fi) = =ff{H/N) prime to I. So it suffices to prove that Fi 
is sturdy (since then F is sturdy, so we are done by the fourth alternative 
in the statement of the proposition). 

But lm{H'"'{¥q) -> H{¥q)) is the simple group ^(-^(F,)), so Fi is im- 
mediately seen to be very sturdy, taking in the definition m — 1, fci — ¥q, 
g = W", and ri : V{n{¥q)) N ^ PGL„(fc). 
This completes the proof of the proposition. (The last sentence of the proposition 
may be straightforwardly verified inductively.) □ 
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We can now reformulate our proposition in the language of representations. 

Proposition 5.1.2. For each positive integer n, there is an integer with the 
following property. Let I > An be a prime, k/¥i a finite extension with I \ [k : ¥i], 
To a group, and r : Tq — GL„(fc) a representation. For convenience of notation, 
let us choose a number field L and prime X of L such that Ol/XOl = k. Then one 
of the following must occur: 

(1) r does not act absolutely irreducibly on fc", 

(2) there is a proper subgroup Fq < To and representation r' : Fq — > GL„j(fc) 
such that r = Indp? r' 

(3) there are representations ri : Fq — > GLm(C'L) and r2 : Fq — )■ GL,„/(fc) with 
open kernels and with m > 1 such that r = fi ® r2, or 

(4) k^ f'(ro) is a .sturdy subgroup. 

Furthermore, in case (3) the order of the image of ri can be bounded in terms 
of n. 

Proof. We will take the constants An to be the same constants as in the previous 
proposition, and will show that the property we require holds with this choice of 
the An. To see this, we apply the previous proposition to r(Fo)fc^ < GL„(fc). We 
deduce that one of the four possibilities (l)-(4) in the conclusion of that proposition 
must hold. We split the remainder of our proof into cases, according to which of 
the alternatives hold 

• Case 1: k^ '''(Tq) does not act absolutely irreducibly. In this case we im- 
mediately see that the first alternative of the present Proposition holds. 

• Case 2: k^ r(ro) C Gvi®---qv^> for some direct sum decomposition V = 
Vi (B ■ ■ ■ (B V„i. In this case, for each 7 e Fo, r(7) must send each Vi 
into some other Vi, and indeed will determine in this way a permutation 
of the Vi. Thus Fq acts on the set {Vi\l < i < to}. If this permutation 
action is not transitive, then ®y. gQ^, y^Vi is a nontrivial Fq submodule of 
V, so Fq acts irreducibly, and see that the first alternative of the present 
proposition holds. So we assume the action is transitive. Then let Fq be 
the stabilizer of T^. r|rj^ sends Vi to itself, and we then get a representation 
r' : Ff, ^ GL{Vi). We then see that r = Indp, r' . 

• Case 3: the projective representation factors through a tensor product, and 
the image on one tensor factor hfts to a characteristic zero representation. 
Then see that the other tensor factor in fact lifts from being a projective 
representation to an ordinary representation. This gives us what we need. 
(The bound on the size of G gives us the bound on the size of the image of 

n-) 

• Case 4: k^ r(F) is sturdy. In this case we immediately have the fourth 
alternative of the present Proposition. 

This completes the proof. □ 

Finally, we can deduce the main theorem (Theorem II . 1 . II in the introduction). 

Theorem 5.1.3. For each pair of positive integers n and M, there is an integer 
C{M,n) with the following property. Let I > C{M,n) be a prime, k/¥i a finite 
extension with I \ [k : ¥1], Tq a group, and r : Fo — t- GL„(fc) a representation. For 
convenience of notation, let us choose a number field L and prime X of L such that 
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Ol/^Ol = k. Suppose that the image of r is not AI -big. Then one of the following 
must hold: 

(1) r does not act absolutely irreducibly on fc", 

(2) there is a proper subgroup T'q < Tq and representation r' : Fg — >■ GLm(fc) 
such that r = Ind^? r' , or 

(3) there are representations ri : Fq — > GLm(C'/^) and r2 : Fq — > GL„j/(fc) with 
open kernels and with m > 1 such that r — fi ® r2. 

Furthermore, in case (3) the order of the image of ri can be bounded in terms of n. 

Proof. This follows immediately from Proposition I5.1.2[ Proposition I2.1.3[ and 
Corollary gXl □ 

We also now prove the Lemma from the introduction asserting that the third 
option above never occurs for the residual representations of regular crystalline 
Galois representations where I is large compared to the weight. 

Proof of Lemma \l.l.4\ Suppose that n, N, F and a are given as in the statement 
of the lemma. We choose D{n, N, a) — {3{maxr^i ar,i — minT-^^ ar^i) + 2)Nl. 

Now suppose that I, L, p, and l are as in the lemma. Remember that I has been 
chosen not to ramify in F , so that we may apply Fontaine-Laffaille theory. Choose 
V to be some place above I in F. There is some unramified local extension K/ F^ 
such that the semisimplification of p|/^ breaks up as a direct sum of characters, 
say xi, . . . , Xn- Let us choose an embedding cr : ^ Q/. We may then write 

where the Cjj are integers and i^[l:q,] is Serre's fundamental character of niveau 
[L : Q/], and moreover 

{Cl,t, C2,t, . . . , Cn.t} = atoFrob' oa\L 

Write k' for the residue field of L. We may choose an element ^ Ik C Gp 
which maps to a generator g e {k')^ under wj^.q^]. 

Now, suppose for contradiction that p did break up as a tensor product p' ® r" . 
Choose distinct k eigenvectors of p'ij), say Cp'.i and The ratio of their 

eigenvalues must be a, an rth root of unity for some r < iV!. (This is since all 
eigenvalues of ^(7) are roots of unity of order dividing the order of the image of p.) 
Choose also a k eigenvector of ^"(7), say e^". Then Cp'^i (8) e^" and ep/_2 €5 e^" are 
eigenvectors of ^(7) = (p' (81 r"){j). The ratio of their eigenvalues is again a; but 
on the other hand we see that the ratio of their eigenvalues is Xi (7) /Xj (7) for some 
1 ^ j ^ with i,j distinct. 

That is 

So, since a is an rth root of unity and g is a generator, 
(5.1.8) 

r [(c.,0 - c,- 0) + l{c^,l - c,- 1) + • • • + ;[^^Q'l-^(c,,[i^Q,]_i - c,- [i:Q,]_i)] = mod ^I^^^'l - 1 

On the other hand, we have the following elementary fact, whose proof is an 
exercise: 
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Claim. Since r < N\, and I > (3(maxr,i rfr,! ~ niinr,irfr,j) + '^)N\, if we write S 
for the set Z n [minr,i dr,i — niaxr,i dr/i, maxr,i dr.i ^ miiiT/i c?r,i], t/ien f/ie map 

S X---X S ^1/(1^^'-^'^ - 1)Z 
{bo, &[L:Q,l-i) ^ (60 + ^^^1 + • • • + ^f^^^'l-'6[L:Q,])r 

is injective. 

Thus, since each Ci^t is an Qta for some r and i, we see that Ci^t ~ <^j.t G 5' for 
each i,j,t, so the claim and eg 15.1.81 tell us: 

Ci,0 — Cjfi = Ci,l — Cj,l — ■ ■ ■ — C,jJi.F,]_i — Cj,[2,:F,]-l = 

But the fact that c^.o = Cj,o tells us some two members of a,oo-|j^ are equal, which 
is contrary to hypothesis. The lemma is therefore proved. □ 

5.2. Given Theorem 15.1.31 it is perhaps natural to ask how often we can expect 
representations of the forms (l)-(3) to have big image. (That is, how often rep- 
resentations the theorem does not guarantee to have big image have big image 
nonetheless.) We will make only some very superficial remarks. First, all represen- 
tations of type (1) will fail to be big, since acting absolutely irreducibly is part of 
the definition of bigness. 

Second, it seems that representations of the form (3) will 'for the most part' 
fail to have big image. For instance, an inspection of [CCN"*") shows that the vast 
majority of characteristic representations of finite simple nonabelian groups G 
seem to have dimension n much larger than the maximal order m of an element in 
G, and in such a case (since the n roots of characteristic polynomials of the elements 
of G acting via the representation must them be fcth roots of unity where k < m) 
it seems perhaps a little unlikely that one would be able to find an element in G 
whose characteristic polynomial has a simple root. Some rudimentary computer 
calculations seem to back up this intuition. 

On the other hand, for very low dimensional representations, it seems that such 
reductions of Artin representations do 'generally' have big image. For instance, in 
§4 of [BLGGIO] it is shown for ^ > 5 that any two dimensional representation which 
acts absolutely irreducibly and is not induced is in fact 2-big, and the author believes 
that any three dimensional representation which is not induced and acts absolutely 
irreducibly is both 2-big and 3-big. (For four dimensional representations, things 
rapidly become less nice: if we let p : {2.A4) x (2.^14) — GL4(Q) by tensoring 
together two copies of the standard two-dimensional representation of 2.A4, it is 
not hard to see that the image of p fails to be big. Here 2.A4 is the binary tetrahedral 
group, the unique double cover of A4.) 

This leaves representations of the form (2), about which we have less to say. 
The question of whether an induced representation has big image seems to be 
rather delicate, and depends on precise details of the induced representation. It is 
certainly possible for such a representation to fail to be big (for instance, let Ki/Q 
and K2/Q be two quadratic extensions, k/¥i a finite extension, 0i : Gki — > fc^ 
and 62 ■ Gk2 two characters, and r = (Ind^^^ 61) (Ind^^^ 6*2); then it is 

relatively straightforward to show that r will fail to have big image) . On the other 
hand, it seems that many such induced representations will in fact have big image. 
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